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In this paper the main result is that if R = A[X] is a polynomial ring over a Cohen-Macaulay 
ring A and if I is a locally complete intersection ideal in R such that dim R/I 2 1 and that I 
contains a manic polynomial in it, then I is set theoretically generated by dim A elements. We 
also prove some interesting consequences of this result for ideals in affine algebras. 
Introduction 
All rings that we consider in this paper are assumed to be noetherian and 
commutative with finite Krull dimension. R and A will always denote a ring of this 
kind. 
In this paper our main result (Theorem 1.4) is that if R = A[X] is a polynomial 
ring over a Cohen-Macaulay ring and if I is a locally complete intersection ideal in 
R such that dim RiI 2 1 and that I contains a manic polynomial in it, then I is set 
theoretically generated by dim A elements. 
One of the consequences (Corollary 1.7) of this theorem settles a question of 
Forster [9, p.51 as follows: suppose X is a smooth affine algebraic variety with 
dimension X = n > 1 and Y is a hypersurface in X. Then Y is set theoretically 
defined by n equations. In fact, a much stronger result (Corollary 1.6) follows: any 
locally complete intersection ideal I in a Cohen-Macaulay ring A with dim All 2 1 
is set theoretically generated by dim A elements. We shall also see that the 
Cohen-Macaulay contion can be dropped when dim R/I = 1 (see Theorem 1.1). 
This work was, in fact, motivated by an earlier version of [12], where [12, 
Theorem 5.31 by induction argument it was proved that any closed subscheme V 
of Ai (k is a field) which is a locally complete intersection (resp. any closed 
subscheme V of AZ where k has positive characteristic) and which has dimension 
(resp. pure dimension) P 1 is set theoretically generated by n - 1 equations. For 
curves in Ai (k is a field) these results were proved by Mohan Kumar [14] (resp. 
Cowsik and Nori [4]). 
Our result (Theorem 1.4) generalizes the result of Lyubeznik about locally 
complete intersection closed subschemes of A: to polynomial rings over Cohen- 
Macaulay rings. The consequence (Corollary 1.6), which we have already men- 
0022.4049/88/$3.50 (Q 1988, Elsevier Science Publishers B.V. (North-Holland) 
268 S. Mandal 
tioned, improves the classical result of Kronecker [lo] that any algebraic set in AZ 
can set theoretically be generated by it + 1 equations (see also [5, 93, Corollary 
7]), in the case of locally complete intersection ideals with dimension 21 in 
Cohen-Macaulay rings. In fact, our estimate for the number of set-theoretic 
generators is one less than that of Kronecker. 
Boratynski [3] has proved that any unmixed ideal of height one in a smooth 
two-dimensional ring is set theoretically generated by two elements. It has also 
been communicated to me that Murthy has shown that every locally principal 
ideal of a regular n-dimensional (n L 2) affine algebra over an algebraically closed 
field is set theoretically defined by n equations. These results of Boratynski and 
Murthy answer the question of Forster [9] in the respective cases. Corollary 1.7 
settles this question completely. 
We have discussed our main theorems (Theorems 1.1 and 1.4) and the main 
consequences, mentioned above, in Section 1. In Section 2 we have given some 
more applications of our theorems, namely, application to Laurent polynomial 
rings (Corollary 2.1), polynomial extensions of Cohen-Macaulay rings (Corollary 
2.2) and polynomial extensions of regular local rings (Corollaries 2.3 and 2.4). 
For historical comments and other related results the interested reader can see 
[6,181. 
1. The main results 
Before we go into our main discussion we shall recall two definitions. We say 
that an ideal I of height r in a noetherian commutative ring A is a locally complete 
intersection ideal if for all maximal ideals m containing I, I,,, is generated by an 
A-regular sequence of length r. (This definition was used by Murthy [15] and is 
convenient for our discussion. In the worst cases this definition may differ from 
the other standard definition, in which the number of local generators is allowed 
to vary. For unmixed ideals these two concepts are the same.) An ideal Z in A is 
said to be set theoretically generated by I elements if there are elements fi, 
f 2,. . . > f, in Z such that q( fi, . . . , f,) = VI. 
Now we shall state and prove our first theorem. 
Theorem 1.1. Let R = A[X] be a polynomial ring over a noetherian commutative 
ring A and Z be a locally complete intersection ideal of height r in R. Zf Z contains a 
manic polynomial in it and if dim R II 5 1, then Z is set theoretically generated by r 
elements. 
Proof. First we shall assume that r 2 3. Following the idea of Ferrand [7,8] and 
Szpiro [20] we can find a locally complete intersection ideal J c Z such that 
VJ = q/r and the dualising module w = Ext’(RlJ, R) is trivial (see also Remark 
1.2 below). Now it is enough to prove that J is generated by r elements. 
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Since ArJIJ2 = 0-l (see [l, p. 13, Theorem 4.51, A’JIJ* is a free module of rank 
one. As dim RIJ I 1, JIJ* = Free@ ArJIJ2 is a free module of rank r. Hence 
p(JIJ2) = r (p denotes the minimal number of generators). 
But J also contains a manic polynomial and p(JIJ2) = r 2 3 L dim R/J + 2. By 
[13, Theorem 1.21 it follows that J is generated by r elements. This completes the 
proof when I 2 3. 
If r = 2, as above we can find a locally complete intersection ideal J c I with 
VJ = dZ and the dualising module w = Ext*(RlJ, R) free. By an argument of 
Serre (see [7,8 or 151) there is an exact sequence 
where P is a projective module of rank two. As J contains a manic polynomial by 
the Quillen-Suslin theorem [17, 191 it follows that P is a free module of rank two 
and hence J is generated by two elements. Therefore Z is set theoretically 
generated by two elements. 
In the case r = 1, we note that Z is a projective ideal which contains a manic 
polynomial. Again by the Quillen-Suslin theorem [17, 191 we conclude that Z is 
free and hence a principal ideal. This completes the proof of the theorem when 
r = 1 and hence the theorem. q 
Remark 1.2. In the situation of Theorem 1.1, the process of finding a locally 
complete intersection ideal J c Z with -\/J = d/I and the dualising module o = 
Ext’(RlJ, R) trivial is a fairly standard and well-known trick when the codimen- 
sion r 2 2. When codimension r = 2, a statement and a proof can be found in the 
papers of Ferrand [7,8] or in Szpiro’s lecture note [20]. For codimension r L 3, 
the proof is not different. Murthy’s talk at Queen’s University [15, Theorem 1.61 
is yet another source to learn about this trick. 
Remark 1.3. Note that when r = 1, we have proved that Z is a principal ideal. 
Next we shall try to extend Theorem 1.1 to higher-dimensional closed sub- 
schemes of Spec A[X]. As our induction argument does not work in the case of 
general noetherian commutative rings, we shall be assuming that our ground ring 
is Cohen-Macaulay. 
Theorem 1.4. Let R = A[X] be a polynomial ring over a Cohen-Macaulay ring A 
and Z be an ideal in R with dim RIZ 2 1. Suppose that Z is a locally complete 
intersection ideal and Z contains a manic polynomial. Then Z is set theoretically 
generated by d elements, where d = dim A. 
Proof. We shall prove the theorem by induction on dim R/Z. If dim R/Z = 1, then 
the theorem follows from Theorem 1.1. 
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Assume dim RIZ 2 2. Let P,, . . . , P, be the minimal primes over Z in Spec R 
and Q,,. . . , Q, be the minimal primes in Spec A. Write S = A - [(PI fl A) U 
. . . U (P, iI A) U Q, U . . . U Q,] and R’ = S-‘A[X] = S-‘R, I’ = S-‘I and A’ = 
S-!A. 
We claim that 
(i) dim R’IZ’ < dim RIZ and 
(ii) dim A’ < dim A = d. 
To prove (i) assume that s = dim R/Z = dim RI/Z’. Then there is a chain 
zcp;,cp;c*. . C Pj in Spec R, such that Pi fl S = 8. Since s = dim RIZ, Pi is 
maximal and Pj n A is also maximal because Pj contains a manic polynomial. 
Now (Pj fl A) fl S = 0 and P,: fl A is maximal implies that either P6 fl A = Pi n 
A for some i = 1 to u or Pj fl A = Qj for some j = 1 to u. Pj tl A = Qj is 
impossible because height Pi 2 s 2 2. As Z has a manic polynomial and Z is 
unmixed, Pj il A = Pi rl A would imply that height Pj = height Pi = height Z = 
height P;l. Which is again impossible. because s 2 2. Hence (i) is proved. 
To prove (ii) note that height Z = height P, for i = 1 to n. As Z contains a manic, 
it follows that dim A’ = max{height Pi n A 1 i = 1 to n} = height Pi n A for all 
i = 1 to n. But dim A/P, fl A = dim RIP, = dim R/Z? 1 for some i = 1 to II. 
Hence dim A’ = height P, n A < dim A. So claim (ii) is also proved. 
As both height I’ and dim A’ are strictly less than d, by induction in the case 
when dim RI/Z’ 2 1 and by Theorem 1.1 when dim R’lZ’ = 0, it follows that I’ is 
set theoretically generated by d - 1 elements. Hence there is an a in S such that Z, 
is set theoretically generated by d - 1 elements in R,. 
Since a belongs to S and A is Cohen-Macaulay, it follows that a is a nonzero 
divisor in A and AlaA is also a Cohen-Macaulay ring with dim AlaA < d. Again 
as Z is unmixed and a belongs to S, Z + aR is also a locally complete intersection - - 
ideal in R and hence so is Z= Z + aRlaR in Z? = RlaR. Also note that dim RIZ < 
dim R/Z. So, again we can apply induction to conclude that Z is set theoretically 
generated by d - 1 elements. Finally we shall apply Lemma 1.5 below of 
Lyubeznik [12] to conclude that Z is set theoretically generated by d elements. 
This will complete the proof of the theorem. 0 
Following an argument of Eisenbud and Evans [6], Lyubeznik [12] has proved 
the following lemma: 
Lemma 1.5. Let A be a commutative noetherian ring and a be a nonzero divisor of 
A. Suppose that Z is an ideal of A and r 2 0 is an integer such that 
(i) Z, is set theoretically generated by r elements in A, and 
(ii) Z + aAlaA is also set theoretically generated by r elements in AlaA. 
Then Z is set theoretically generated by r + 1 elements in A. 
Proof. See [12]. q 
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The most interesting consequence of our theorem is, perhaps, the next corol- 
lary. This improves the classical result of Kronecker [lo] that an algebraic set in 
Ai is set theoretically generated by n + 1 elements (see also [5, $3, Corollary 71). 
Corollary 1.6. Suppose Z is a locally complete intersection ideal in a Cohen- 
Macaulay ring A and dim A II 2 1. Then Z can be set theoretically generated by 
dim A elements. In fact, in the case when dim AIZ = 1, the Cohen-Macaulay 
condition can be dropped. 
Proof. Write J = ZA[X] + XA[X] and apply Theorem 1.4 (resp. Theorem 1.1) to 
J. 0 
We shall close this section with Corollary 1.7 and the other applications will be 
discussed in Section 2 below. 
The problem of Forster [9, p. 51 is settled in the next corollary. 
Corollary 1.7. Let X be a smooth affine algebraic variety with dim X = n > 1 and 
Y c X be a hypersurface. Then Y is set theoretically described by n equations. 
Proof. Follows from Corollary 1.6. 0 
Remark. Professor G. Lyubeznik wrote to me that the Cohen-Macaulay condi- 
tion on the rings in Theorem 1.5 and Corollary 1.6 can be removed. The author is 
thankful to him for this. 
2. Further applications 
In this section we shall discuss some more applications. Our first application 
(Corollary 2.1) extends our theorems to Laurent polynomial rings. 
Corollary 2.1. Let R = A[X, X-‘1 be a Laurent polynomial extension over a 
Cohen-Macaulay ring A. Suppose that Z is a locally complete intersection ideal in 
R and dim RIZ 2 1. Zf Z contains a doubly manic polynomial (i.e. there is f in Z 
which is manic in T as well T-l), then Z is set theoretically generated by dim A 
elements. Zf dim RIZ = 1, then the Cohen-Macaulay condition can be dropped. 
Proof. Apply Theorem 1.4 (resp. Theorem 1.1) to J = Z fl A[X]. Note that J is 
also a locally complete intersection ideal in A[X]. 0 
Next we shall apply our theorems to polynomial rings in several variables. 
Corollary 2.2. Let R = A[X,, . . , X,,] be a polynomial ring in n variables over a 
commutative noetherian ring A and Z be a locally complete intersection ideal in R. 
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Zf dim R/Z = 1 and height Z > dim A, then Z is set theoretically generated by 
dim R - 1 elements. Further, if A is Cohen-Macaulay, then any locally complete 
intersection ideal Z in R with dim RIZ 2 1 and height Z > dim A is set theoretically 
generated by dim R - 1 elements. 
Proof. Since height Z > dim A, we can make a change of variables to assume that Z 
contains a manic polynomial in X,, . Now the theorem follows from Theorems 1.1 
and 1.4 respectively. 0 
Our final applications will be to polynomial extensions of regular local rings. 
There will be two such applications, one for power series rings over fields and 
another for regular local algebras over fields. Since some of the machineries used 
to prove them are the same, we shall first state both of them and then prove 
them. 
Corollary 2.3. Let A = K[X, , . . . , X,1 be a power series ring of dimension d over 
afieldKandR=A[T,,..., T,,] be the polynomial ring A in n variables. Suppose 
Z is a locally complete intersection ideal in R with dim RIZ 2 1 and height Z > 
min{ d, n}. Then Z is set theoretically generated by n + d - 1 elements. 
Corollary 2.4. Let K be an infinite field and (A, rn) be a regular local ring of 
dimension d, where A is the localization of a K-algebra of finite type. Also assume 
that K+ A/m is a finite separable extension. Let R = A[ T, , . . . , T,,] be the 
polynomial extension of A in n variables and Z be a locally complete intersection 
ideal in R with dim RIZ 2 1. Zf height I> min{d, n + 2) or if Z is prime and 
height Z > min{ d, n + 1)) then Z is set theoretically generated by n + d - 1 elements. 
The rest of this section is devoted to proving Corollaries 2.3 and 2.4 and to 
developing the required machineries. So, there is no harm done if we assume that 
from now on all rings that we consider are regular. 
For a subring R’ of R and a nonzero divisor f in R’, we say that R’+ R is an 
analytic isomorphism along f if R’l( f) = Rl( f), i.e. if R = R’ + fR and R’ fl fR = 
fR’. 
Lemma 2.5. Suppose R is a regular ring and R’ is a regular subring of R. Let 
R’+ R be an analytic isomorphism along an element f in R’ - 0. Then 
(1) For a prime ideal P of R and P’ = P n R’, if f belongs to P’, then Rr’( + R, 
is an analytic isomorphism along f; 
(2) For an ideal Z of R with I’ = Z rl R’, if f belongs to I’, then (a) R’lZ’ = RIZ, 
(b) Z’/Z’2 = Z/Z’, (c) Z = Z’R, (d) height Z = height I’; 
(3) For Z and I’ as in (2), if Z is a locally complete intersection ideal, then so is 
I. Z, 
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(4) For Z and I’ as in (2), if I’ is set theoretically generated by r elements, then Z 
is also set theoretically generated by r elements. 
Proof. (1) and (2) are easy, and (4) follows from 2(c). 
To prove (3), let m’ be a maximal ideal in R’ containing I’ and let m be a 
maximal ideal in R such that m’ = m fl R’. From (l), 2(a) and 2(b) it follows that 
G, and Z, are generated by the same number of elements. Since I,,, is a locally 
complete intersection, I,,, is generated by height Z elements and hence by 2(d) Z$, 
is also generated by height I’ elements. As Z?&. is regular, &! is generated by a 
sequence of length height I’. So I’ is a locally complete intersection ideal. This 
completes the proof of the lemma. •i 
Now we can go back to the proof of Corollaries 2.3 and 2.4. 
Proof of Corollary 2.3. If height Z > d, then the corollary immediately follows 
from the last part of Corollary 2.2. So, we assume height Z > n. Hence A n Z # 0. 
We can find (after a change of variables X,, . . . , X,) a Weierstrass polynomial f 
UX,,..., 
Y’[X,, T,, . . 
X& ,Il[xJ n 1. Write A’ = k[X,, . . . , Xd-J, R’ = 
T,] and I’ = Z n R’. As A’[X,,] + A is an analytic isomorphism 
along f, R’-+ k’ is also so along f. Now we see that I’ contains a manic polynomial 
f and dim R’lZ’ = dim R/Z 2 1. So, by Theorem 1.4 I’ is set theoretically gener- 
ated by n + d - 1 elements, hence by Lemma 2.5(4) Z is set theoretically 
generated by n + d - 1 elements. This completes the proof of Corollary 2.3. 0 
Proof of Corollary 2.4. Because of Corollary 2.2 we shall assume that height Z > 
n + 2 or Z is prime and height Z > n + 1. As Z fl A # 0, following the argument of 
Lindel [ll] we can find a regular subring S of A such that 
(i) s = K]X,, . . . ) xfl(f(X,),X*, X,) for some polynomial ring 
X[X,, . f . , X,] over K and some irreducible polynomial f(X,) in K[X,] and 
(ii) There is an element a in Z fl S such that S-+ A is an analytic isomorphism 
along a (see, for example, [2, Proposition 2.41 or [16, Theorem 2.81). 
Therefore the extension S[ T,, . . . , T,] + A[ T,, . . . , T,] = R is an analytic iso- 
morphism along an element a in Z fl S[ T, , . . , T,]. Hence by Lemma 2.5 we can 
replace A by S and assume that A = K[X,, . . , , Xd](f(X,j,X2,, ,x,j and R = 
ALT,, . . . > Tnl. 
First assume height Z > n + 2. Write D = KIXJCfCxIjj. Then A = 
D[X*, . . . 7 xfl(f(X,),X*, X,) and also note that height D[X,, . . . , X,] n Z z 3. 
Following the proofs of [16, Theorem 2.5 and Proposition 1.91 we can find a 
polynomial F in Z tl D[X,, . . . , X,] - f(X,)D[X,, . . . , X,] such that (after a 
change of variables) if B = D[X,, . . , Xd](f(X,jX3,, ,x,j, then F is a Weierstrass 
polynomial in B[X,] and hence B[X,] + A is an analytic isomorphism along F. 
As F is a manic polynomial in Zfl B[X,, T,, . . . , T,] and B[X,, 
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T,,. . . > T,,l* ACT,, . . . , T,] is an analytic isomorphism along F, the corollary 
follows from Lemma 2.5 and Theorem 1.4 in this case. 
Now it remains to prove the case when Z is a prime ideal and height Z > n + 1. 
As in [16, Proposition 2.51 if f(X,) does not belong to Z fl A, then the proof is as 
in the above case. And if f(X,) belongs to Z fl A, then we see B[X,]+ A is an 
analytic isomorphism along f, where B = K[X,, . . . , Xdlcx,, , xdj. As f is a 
manic polynomial in B[X,, T,, . . . , T,] and B[X,, T,, . . . , Td]--+ R is an 
analytic isomorphism along f, again the corollary follows from Lemma 2.5 and 
Theorem 1.4. This completes the proof of Corollary 2.4. 0 
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